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Abstract 

This paper gives an overview of the theory of dynamic convex risk measures for random variables 
in discrete time setting. We summarize robust representation results of conditional convex risk mea- 
sures, and we characterize various time consistency properties of dynamic risk measures in terms of 
acceptance sets, penalty functions, and by supermartingale properties of risk processes and penalty 
functions. 

1 Introduction 

Risk measures are quantitative tools developed to determine mimimum capital reserves, which are required 
to be maintained by financial institutions in order to ensure their financial stability. An axiomatic analysis 
of risk assessment in terms of capital requirements was initiated by Artzner, Delbaen, Eber, and Heath [21 
[3], who introduced coherent risk measures. Follmer and Schied [21] and Frittelli and Rosazza Gianin [23] 
replaced positive homogeneity by convexity in the set of axioms and established the more general concept 
of a convex risk measure. Since then, convex and coherent risk measures and their applications have 
attracted a growing interest both in mathematical finance research and among practitioners. 

One of the most appealing properties of a convex risk measure is its robustness against model uncer- 
tainty. Under some regularity condition, it can be represented as a suitably modified worst expected loss 
over a whole class of probabilistic models. This was initially observed in [3J [23] in the static setting, 
where financial positions are described by random variables on some probability space and a risk measure 
is a real- valued functional. For a comprehensive presentation of the theory of static coherent and convex 
risk measures we refer to Delbaen [T3] and Follmer and Schied [351 Chapter 4]. 
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A natural extension of a static risk measure is given by a conditional risk measure, which takes into 
account the information available at the time of risk assessment. As its static counterpart, a conditional 
convex risk measure can be represented as the worst conditional expected loss over a class of suitably 
penalized probability measures; see [HU 1301 [TT1 El [26l [12] . In the dynamical setting described by some 
filtered probability space, risk assessment is updated over the time in accordance with the new informa- 
tion. This leads to the notion of dynamic risk measure, which is a sequence of conditional risk measures 
adapted to the underlying filtration. 

A crucial question in the dynamical framework is how risk evaluations at different times are interre- 
lated. Several notions of time consistency were introduced and studied in the literature. One of todays 
most used notions is strong time consistency, which corresponds to the dynamic programming principle; 
see [H [T5J [T71 Q21 [201 E3 EU an d references therein. As shown in [151 123 1 strong time consistency 
can be characterized by additivity of the acceptance sets and penalty functions, and also by a super- 
martingale property of the risk process and the penalty function process. Similar characterizations of the 
weaker notions of time consistency, so called rejection and acceptance consistency, were given in [181 129] . 
Rejection consistency, also called prudence in [29], seems to be a particularly suitable property from the 
point of view of a regulator, since it ensures that one always stays on the safe side when updating risk 
assessment. The weakest notions of time consistency considered in the literature are weak acceptance and 
weak rejection consistency, which require that if some position is accepted (or rejected) for any scenario 
tomorrow, it should be already accepted (or rejected) today; see [4] l35l 133] 19] 132] . 

As pointed out in [251 E3 > risk assessment in the multi-period setting should also account for uncer- 
tainty about the time value of money. This requires to consider entire cash flow processes rather than 
total amounts at terminal dates as risky objects, and it leads to a further extention of the notion of risk 
measure. Risk measures for processes were studied in [H [30l EH [HI E3 E2 EH E3 Q] . The new feature in 
this framework is that not only the amounts but also the timing of payments matters; cf. [12 ] [T3 ] [25 ] [Tj. 
However, as shown in [4] in the static and in [I] in the dynamical setting, risk measures for processes 
can be identified with risk measures for random variables on an appropriate product space. This allows 
a natural translation of results obtained in the framework of risk measures for random variables to the 
framework of processes; see pQ. 

The aim of this paper it to give an overview of the current theory of dynamic convex risk measures 
for random variables in discrete time setting; the corresponding results for risk measures for processes are 
given in pQ. The paper is organized as follows. Section [2] recalls the definition of a conditional convex risk 
measure and its interpretation as the minimal capital requirement from |17j . Section [3] summarizes robust 
representation results from [TTldnilH]- In Section 0] we first give an overview of different time consistency 
properties based on [33]. Then we focus on the strong notion of time consistency, in Subsection 14. 1\ and 
we characterize it by supermartingale properties of risk processes and penalty functions. The results of 
this subsection are mainly based on [20], with the difference that here we give characterizations of time 
consistency also in terms of absolutely continuous probability measures, similar to 8 . In addition, we 
relate the martingale property of a risk process with the worst case measure, and we provide the explicit 
form of the Doob- and the Riesz-decomposition of the penalty function process. Subsection l4.2l generalizes 
[29l Sections 2.4, 2.5] and characterizes rejection and acceptance consistency in terms of acceptance sets, 
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penalty functions, and, in case of rejection consistency, by a supermartingale property of risk processes and 
one-step penalty functions. Subsection 14.31 recalls characterizations of weak time consistency from [331 19]. 
and Subsection 14.41 characterizes the recursive construction of time consistent risk measures suggested 
in [12\ 1 1 3j . Finally, the dynamic entropic risk measure with a non-constant risk aversion parameter is 
studied in Section [SJ 

2 Setup and notation 

Let T £ NU {oo} be the time horizon, T := {0,...,T} for T < oo, and T := N for T — oo. We 
consider a discrete-time setting given by a filtered probability space (fi, J 7 , (J-t)teT, P) with To = 
T = Tt for T < oo, and T = a(U t > T t ) for T = oo. For t eT, Lf := L°°(f2, J" t ,P) is the space of 
all essentially bounded J^-measurable random variables, and L°° :— L°°(Q, Ft 1 P). All equalities and 
inequalities between random variables and between sets are understood to hold P-almost surely, unless 
stated otherwise. We denote by A4\(P) (resp. by Ai e (P)) the set of all probability measures on (fi, J 7 ) 
which are absolutely continuous with respect to P (resp. equivalent to P). 

In this work we consider risk measures defined on the set L°°, which is understood as the set of 
discounted terminal values of financial positions. In the dynamical setting, a conditional risk measure pt 
assigns to each terminal payoff X an JF t -measurable random variable pt(X), that quantifies the risk of 
the position X given the information J- t . A rigorous definition of a conditional convex risk measure was 
given in [17l Definition 2]. 

Definition 1. A map pt : L°° — > Lf is called a conditional convex risk measure if it satisfies the 
following properties for all X, Y G L°° : 

(i) Conditional cash invariance: For all m t S 

p t {X + mt) = Pt{X) - m t ; 

(ii) Monotonicity: X < Y => Pt(X) > pt(Y); 
(Hi) Conditional convexity: for all A £ L^°, < A < 1: 

Pt {\X + (1 - \)Y) < Xp t (X) + (1 - X)p t (Y); 

(iv) Normalization: pt(0) = 0. 

A conditional convex risk measure is called a conditional coherent risk measure if it has in addition the 
following property: 

(iv) Conditional positive homogeneity: for all A £ L^°, A > 0: 

Pt (XX) = X Pt (X). 
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In the dynamical framework one can also analyze risk assessment for cumulated cash flow processes 
rather than just for terminal pay-offs, i.e. one can consider a risk measure that accounts not only for the 
amounts but also for the timing of payments. Such risk measures were studied in [TPI ITT1 [T^l [TBI |2"41 121)1 IT] . 
As shown in [4] in the static and in [1] in the dynamical setting, convex risk measures for processes can be 
identified with convex risk measures for random variables on an appropriate product space. This allows 
to extend results obtained in our present setting to the framework of processes; cf. [TJ. 

If pt is a conditional convex risk measure, the function <p t := —p t defines a conditional monetary 
utility function in the sense of [T2l [13] . The term "monetary" refers to conditional cash invariance of the 
utility function, the only property in Definition [TJ that does not come from the classical utility theory. 
Conditional cash invariance is a natural request in view of the interpretation of pt as a conditional 
capital requirement. In order to formalize this aspect we first recall the notion of the acceptance set of a 
conditional convex risk measure pt- 

At~ {XeL°° | Pt (X) <0}. 
The following properties of the acceptance set were given in [171 Proposition 3] . 
Proposition 2. The acceptance set At of a conditional convex risk measure p t is 

1. conditionally convex, i.e. aX + (1 — a)Y G At for all X,Y G At and a J- \- measurable such that 
< a < 1; 

2. solid, i.e. Y £ At whenever Y > X for some X G At; 

3. such that G A t and essinf { X G Lf | X G At] = 0. 
Moreover, p t is uniquely determined through its acceptance set, since 

p t (X) = essM {Y € Lf \X + YeA t }. (1) 

Conversely, if some set At C L°° satisfies conditions l)-3), then the functional pt '■ L°° —> Lf defined 
via (QJ) is a conditional convex risk measure. 

Proof. Properties l)-3) of the acceptance set follow easily from properties (i)-(iii) in Definition [TJ To 
prove ([JJ note that by cash invariance Pt(X) + X G At for all X, and this implies ">" in (jTJ). On the 
other hand, for all Z G { Y G Lf \ X + Y G A t } we have 

0>p t (Z + X) = pt(X)-Z, 

thus p t {X) < essinf { Y G Lf | X + Y G A t ) . 

For the proof of the last part of the assertion we refer to [17l Proposition 3] . □ 

Due to ((TJ), the value pt(X) can be viewed as the minimal conditional capital requirement needed to 
be added to the position X in order to make it acceptable at time t. The following example shows how 
risk measures can be defined via ([TJ). 
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Example 3. Consider the set of all positions having non-negative conditional expected utility, i.e. 

At := {X eL°° \ E[u t (X)\T t ] > 0}, 

where u t denotes some non-increasing and concave utility function. It is easy to check that the set At has 
all properties 1) -3) from Proposition^ A basic choice is the exponential utility function Ut(x) = 1 — e~ 7tX , 
where 74 > P-a.s. denotes the risk aversion parameter such that 7t, ^ £ L%°. The corresponding 
conditional convex risk measure p t associated to At via |T]) takes the form 

pt(X) = - log E[e-^ x \T t ], leT, 
It 

and is called the conditional entropic risk measure. The entropic risk measure was introduced in t22jj in 
the static setting, in the dynamical setting it appeared in \28l \17\ \12l \2(A \13}j . We characterize the 
dynamic entropic risk measure in Section [31 

3 Robust representation 

As observed in [3J [2H H3] m the static setting, the axiomatic properties of a convex risk measure yield, 
under some regularity condition, a representation of the minimal capital requirement as a suitably modi- 
fied worst expected loss over a whole class of probabilistic models. In the dynamical setting, such robust 
representations of conditional coherent risk measures were obtained on a finite probability space in |31j 
for random variables and in [3D] for stochastic processes. On a general probability space, robust rep- 
resentations for conditional coherent and convex risk measures were proved in [I7J 13 HI 123 HOI IE] for 
random variables and in |12] for stochastic processes. In this section we mainly summarize the results 

from [Tznaaig. 

The alternative probability measures in a robust representation of a risk measure pt contribute to the 
risk evaluation to a different degree. To formalize this aspect we use the notion of the minimal penalty 
function a™ 111 , defined for each Q g JAi(P) as 

<xf n (Q) = Q-esssup£ Q [-X| F t ]. (2) 
xeAt 

The following property of the minimal penalty function is a standard result, that will be used in the 
proof of Theorem [5) 

Lemma 4. For Q € M\{P) and < s <t, 

E Q [af ln (Q)\T s } = Q-eBB8upE Q [-Y\r,] Q-a.s. 
YeA t 

and in particular 

E Q [af n (Q)} = sup E Q [-Y}. 

YeAt 

Proof. First we claim that the set 

{E Q [-X\T t \ \ xe A t } 
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is directed upward for any Q g Adi(P). Indeed, for X,Y £ At we can define Z := XT^ + F/a<=, where 
A := {Eq[— X\Ft\ > Eq[— Y\J 7 t]} € J 7 *. Conditional convexity of pt implies that Z G _4 t , and by definition 
of Z 

E Q [-Z\T t \ = uY^{E Q [-X\F t ],E Q [-Y\T t \) Q-a.s.. 
Hence there exists a sequence (X^)„ e ^ in ^4 t such that 

af n (Q)=lim£;Q[-X«|J- t ] Q-a.s., (3) 

and by monotone convergence we get 

E Q [af n (Qm] = \imE Q [ E Q [-X* \T t ] \ T s ] 

< Q-ess sup [— Y\T S ] Q-a.s.. 
YeA t 

The converse inequality follows directly from the definition of af lln (Q). □ 

The following theorem relates robust representations to some continuity properties of conditional 
convex risk measures. It combines jTTl Theorem 1] with [20l Corollary 2.4]; similar results can be found 
in [6J [261II2]. 

Theorem 5. For a conditional convex risk measure pt the following are equivalent: 

1. pt has a robust representation 

Pt(X)=esssup{E Q [-X\^ t }-at(Q)), XeL°°, (4) 
QeQt 

where 

Qt := {Q eMi(P) | Q = P\r t } 

and at is a map from Q t to the set of J- \ -measurable random variables with values in R U {+oo} 7 
such that ess supQ 6 g t (—at (Q)) = 0. 

2. pt has the robust representation in terms of the minimal penalty function, i. e. 

p t (X) = esssup(E Q [-X\T t }-af n (Q)), XeL°°, (5) 
QeQt 

where a™ 111 is given in 0j. 

3. pt has the robust representation 

pt{X) = esssu P (£ Q [-X| Ft] -~af n (Q)) P-a.s., X e L°°, (6) 

where 

Q{ := { Q e M^P) | Q = P\r t E Q [af»(Q)} < co} . 
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4- Pt has the "Fatou-property" : for any bounded sequence (X n ) n6 N which converges P-a.s. to some X , 

Pt{X) < liminf p t {X n ) P-a.s.. 

n— >oc 

5. pt is continuous from above, i.e. 

X n \X P-a.s =>■ p t {X n ) / p t {X) P-a.s 
for any sequence (X n ) n C L°° and X £ L°° . 

Proof. 3) ==> 1) and 2) 1) are obvious. 1) 4): Dominated convergence implies that EQ[X n \Tt] — > 
Eq[X\T] for each Q £ Q t , and liminf„_ ! . 00 p t {X n ) > pt(X) follows by using the robust representation of 
p t as in the unconditional setting, see, e.g., j22j Lemma 4.20]. 

4) 5): Monotonicity implies lims\ip n ^ OD p t (X n ) < p t {X), and liminf n _ i . 0O (X n ) > pt(X) follows 
by 4). 

5) =4> 2): The inequality 

> esssup^qhXl T t ] - «f n (Q)) (7) 
QeQt 

follows from the definition of a' ( nin . In order to prove the equality we will show that 



E P [pt{X)} < E P 



esssup(E Q [-X \T t ] - af n {Q)) 
QeQ, 



To this end, consider the map p p : L°° — s> K defined by p p (X) := Ep[p t (X)]. It is easy to check that 
p p is a convex risk measure which is continuous from above. Hence [22j Theorem 4.31] implies that p p 
has the robust representation 

P P {X)= sup {E Q [-X]-a{Q)) IeL°°, 

QGA4i(P) 

where the penalty function a(Q) is given by 

a(Q)= sup E Q [-X}. 
xeL°°-.p p {X)<o 

Next we will prove that Q € Qt if a(Q) < oo. Indeed, let A £ Tt and A > 0. Then 
-XP[A] = E P [pt(XI A )] - P P (XI A ) > E Q [-XI A ] - a(Q), 

so 

P[A] < Q[A] + for all A > 0, 

A 

and hence P[A] < Q[A] if a(Q) < oo. The same reasoning with A < implies P[A] > Q[A], thus P = Q 
on Tt if a(Q) < oo. By Lemma 01 we have for every Q £ Qt 

E P [af n (Q)} = sup E P [-Y}. 
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Since p p (Y) < for all Y G At, this implies 



E P [af n (Q)} < a(Q) 

for all Q 6 Qt, by definition of the penalty function a(Q). 
Finally we obtain 

E P [p t (X)] = p p {X) = sup (E Q [-X] - a(Qj) 

QeMi(P),a(Q)«x> 

< sup (E Q [-X}-a(Q)) 

QeQt,E P [a™"*(Q)]<oo 

< sup Ep[E Q [-X\T t }-af n (Q)} 

QeQt,E P [a^(Q)}<oo 



< E P 

< Ep 



ess sup (E Q [-X\T t ]-af n {Q)) 

Q6Qt,-B P [Q» i "(Q)]<oo 



ess sup E Q [-X\T t }-af in (Q) 
QeQt 



(8) 



proving equality ([5]). 

5) => 3) The inequality 



p t (X) > ess sup(£q [-X | J" t ] - af n (<2)) 



follows from (J7J since Q{ C Q t , and © proves the equality. 



□ 



The penalty function aj nm ((5) is minimal in the sense that any other function at in a robust repre- 
sentation Q of pt satisfies 

a? in {Q) < a t {Q) P-a.s. 
for all Q & Qt- An alternative formula for the minimal penalty function is given by 

af m (Q) = ess sup [E Q [-X\T t ] - Pt{X)) for all Q E Q t . 

This follows as in the unconditional case; see, e.g., |22[ Theorem 4.15, Remark 4.16]. 

Remark 6. Another characterization of a conditional convex risk measure pt that is equivalent to the 
properties 1)~4) of Theorem^ is the following: The acceptance set At is weak* -closed, i.e., it is closed in 
L°° with respect to the topology o~(L°° , L 1 ^, T, P)) . This equivalence was shown in in the context of 
risk measures for processes and in \26\j for risk measures for random variables. Though in [26] a slightly 
different definition of a conditional risk measure is used, the reasoning given there works just the same 
in our case; cf. \2b\ Theorem 3.16]. 



For the characterization of time consistency in Section we will need a robust representation of 
a conditional convex risk measure pt under any measure Q £ Aii(P), where possibly Q ^ Qt- Such 
representation can be obtained as in Theorem [S] by considering p t as a risk measure under Q, as shown 
in the next corollary. This result is a version of [HI Proposition 1] . 
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Corollary 7. A conditional convex risk measure pt is continuous from above if and only if it has the 
robust representations 



Pt (X) = Q-esssup(£ H [-X | F t } - af n (R)) (9) 
ReQAQ) 

= Q-esssup(£ fl [-X|j^]-a™ in (i?)) Q-a.s., VX e L°°, (10) 
for all Q E Mi(P), where 

Q t (Q) = { R e Mi(P) |iJ = QU} 

and 

Q{(Q) = { R G Mi(P) | i? = QU, i?flK nin (i?)] < oo} ■ 

Proof. To show that continuity from above implies representation (j9|), we can replace P by a probability 
measure Q <E A^i(P) and repeat all the reasoning of the proof of 5)=>2) in Theorem[5l In this case we 
consider the static convex risk measure 

p Q (X) =E Q [p t (X)] = sup (E R [-X]-a(R)), leT, 
JJevWi(P) 

instead of p p . The proof of (fT0|) follows in the same way from (2Qj Corollary 2.4]. Conversely, continuity 
from above follows from Theorem [5] since representation ([9]) holds under P. □ 

Remark 8. One can easily see that the set Qt in representations (|4]) and ([5]) can be replaced by Vt '■= 
{QeMi (P) J Q R3 P on Tt } • Moreover, representation ^ is also equivalent to 

p t {X)= esssup (Pq[-X| Ji] -a t (Q)), X e L°° , 
QeMi(P) 

where the conditional expectation under Q G M\(P) is defined under P as 

p rvin — E P [Z T X\F t ] 

and the extended penalty function at is given by 



&t(Q) = 



a t (Q) on{§\r t >0}; 
+oo otherwise. 



In the coherent case the penalty function af lln (Q) can only take values or oo due to positive 
homogeneity of pt- Thus representation ^ takes the following form. 

Corollary 9. A conditional coherent risk measure pt is continuous from above if and only if it is repre- 
sentable in the form 

p t (X) = ess sup E Q [-X\ F t ], IeL M , (11) 
see? 

where 

Q° :={QeQ t \af n (Q)=0 Q-a.s.}. 
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Example 10. A notable example of a conditional coherent risk measure is conditional Average Value at 
Risk defined as 

AV@R tM {X) := esssup{£;Q[-X|j;] | Q e Q u p < A^ 1 } 

with At G , < At < 1. Static Average Value at Risk was introduced in as a valid alternative to 
the widely used yet criticized Value at Risk. The conditional version of Average Value at Risk appeared 
in J4}j, and was also studied in \18[ 

As observed, e.g., in (T2J Remark 3.13], the minimal penalty function has the local property. In our 
context it means that for any Q 1 ,Q 2 G Qt(Q) with the corresponding density processes Z 1 and Z 2 with 
respect to P, and for any A G Tt, the probability measure R defined via := IaZ^ + Ia'Z^ has the 
penalty function value 

af n (R) = I A af n {Q l ) + I A <af n (Q 2 ) Q-a.s.. 

In particular R G Q{(Q) if Q X ,Q 2 G Q{(Q). Standard arguments (cf., e.g., [17l Lemma 1]) imply then 
that the set 

{E R [-X\ T t \ - af n (R) \ReQ{(Q)} 

is directed upward, thus 

E Q [p t (X)\T s ] - Q-esssup (E R [-X\F S \ - ^K nin (^)l^]) (12) 

for all Q e Mi(P),X e L°°(n,F,P) and < s < t. 

4 Time consistency properties 

In the dynamical setting risk assessment of a financial position is updated when new information is 
released. This leads to the notion of a dynamic risk measure. 

Definition 11. A a sequence (p t ) tS T is called a dynamic convex risk measure if pt is a conditional convex 
risk measure for each t G T. 

A key question in the dynamical setting is how the conditional risk assessments at different times are 
interrelated. This question has led to several notions of time consistency discussed in the literature. A 
unifying view was suggested in |33j . 

Definition 12. Assume that (pt)tei is a dynamic convex risk measure and let 3^t be a subset of L 00 such 
that G yt and y>t +K = 3^t for each t G T. Then (p t ) t£ T is called acceptance (resp. rejection) consistent 
with respect to (y t )t£T, if for all t G T such that t < T and for any X G L°° and Y G 3^t+i the following 
condition holds: 

Pt+i(X) < Pt+ i(Y) (resp. >) =► Pt (X) < p t (Y) (resp. >). (13) 
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The idea is that the degree of time consistency is determined by a sequence of benchmark sets (3^)teTN 
if a financial position at some future time is always preferable to some element of the benchmark set, then 
it should also be preferable today. The bigger the benchmark set, the stronger is the resulting notion of 
time consistency. In the following we focus on three cases. 

Definition 13. We call a dynamic convex risk measure (pt)teT 

1. strongly time consistent, if it is either acceptance consistent or rejection consistent with respect to 
y t = L°° for all t in the sense of Definition]!^ 

2. middle acceptance (resp. middle rejection) consistent, if for all t we have yt — Li^ in DeHnition \12[ 

3. weakly acceptance (resp. weakly rejection) consistent, if for all t we have y t — M. in Definition \12i 

Note that there is no difference between rejection consistency and acceptance consistency with respect 
to L°°, since the role of X and Y is symmetric in that case. Obviously strong time consistency implies 
both middle rejection and middle acceptance consistency, and middle rejection (resp. middle acceptance) 
consistency implies weak rejection (resp. weak acceptance) consistency. In the rest of the paper we drop 
the terms "middle" and "strong" in order to simplify the terminology. 

4.1 Time consistency 

Time consistency has been studied extensively in the recent work on dynamic risk measures, see [4j 1151 
H HI US M H HH EH IS] and the references therein. In the next proposition we recall some 
equivalent characterizations of time consistency. 

Proposition 14. A dynamic convex risk measure (pt)teT is time consistent if and only if any of the 
following conditions holds: 

1. for allteT such that t < T and for all X, Y £ L°° : 

pt+i{X) < p t +i{Y) P-a.s =► p t (X) < p t (Y) P-a.s.; (14) 

2. for allteT such that t < T and for all X, Y £ L°° : 

Pt+i{X) = p t+ i{Y) P-a.s =► pt(X) = Pt (Y) P-a.s.; (15) 

3. (pt)teT is recursive, i.e. 

Pt=Pt{-pt+s) P-a.s. 

for all t, s > such that t, t + s e T. 

Proof. It is obvious that time consistency implies condition (fT4)) . and that (fl4)) implies (fTB")) . By cash 
invariance we have pt+i(~pt+i(X)) = p t +\{X) and hence one-step recursiveness follows from dl~51) . We 
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prove that one-step recursiveness implies recursiveness by induction on s. For s = 1 the claim is true for 
all t. Assume that the induction hypothesis holds for each t and all k < s for some s > 1. Then we obtain 

Pt{-Pt+s+l(X)) = p t {-pt+s{-pt+s+l(X))) 
= Pt{-Pt+s{X)) 

= Pt(X), 

where we have applied the induction hypothesis to the random variable — pt+ s +i(X). Hence the claim 
follows. Finally, due to monotonicity, recursiveness implies time consistency. □ 

If we restrict a conditional convex risk measure p t to the space L%+ s for some s > 0, the corresponding 
acceptance set is given by 

At,t+. ■= { X G L? +s | p t (X) < P-a.s.} , 
and the minimal penalty function by 

a^ s (Q):=Q-e SSS upE Q [-X\J^ t }, Q e Mi(P). (16) 

xeA ttt+3 

The following lemma recalls equivalent characterizations of recursive inequalities in terms of accep- 
tance sets from [20j Lemma 4.6]; property (fl~7f was shown in [15] . 

Lemma 15. Let (pt)t&T be a dynamic convex risk measure. Then the following equivalences hold for all 



s, t such that t, t + s G T and all X G L°° : 

X g A t ,t+ S + A t+ s <^=> -pt+s(X) G At.t+s (17) 

At C A t ,t+s + At+s <f=^ pt(-pt+s) < Pt P-a.s. (18) 

At 2 A t ,t+s + A t+S <s=^ p t (-pt+ s ) >pt P-a.s.. (19) 



Proof. To prove "=►" in $T7§ let X = X t ,t+ S + X t+S with X t , t +s G A t ,t+s and X t+;5 G A t+S . Then 

by cash invariance, and monotonicity implies 

p t (-p 4+s (X)) <pt(,X t ,t+s) <0. 

The converse direction follows immediately from X — X + p t + s (X) — p t + s (X) and X + p t+s (X) G -4t+ s 
for all X eL°°. 

In order to show "=>" in (fT5]l. fix X G L°°. Since X + p t (X) G At Q A t .t+s + At+s, we obtain 
Pt +s (X) - p t (X) = p t +s{X + pt(X)) G -A t ,t+s, 
by (|17p and cash invariance. Hence 

p t (-p 4+s (X)) - Pt (X) = p t (-{p t+s (X) - Pt(X))) < P-a.s.. 
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To prove "<*=" let X e A t . Then —p t+s {X) G A t ,t+s by the right hand side of (jl8]> . and hence X G 
At,t+s+At+ s by CEZ]). 

Now let X £ L°° and assume At 12 At,t+s + At+ S - Then 

p t (-p t+s (X)) +X = p t (-p t+s (X)) ~ Pt+s (X) + Pt+s (X) + X 
e At,t+s + A t+ s C A t . 

Hence 

p t (X) - p t (-p t+s {X)) =p t (X + p t (-p t+s (X))) < 

by cash invariance, and this proves "=$>" in (fl9|) . For the converse direction let X G A, t+s + At+ S - Since 
-p t+s (X) € A, t+ s by ([T7J), we obtain 

Pt(X) < p t (-p t+s (X)) < G, 

hence X e A t . □ 

We also have the following relation between acceptance sets and penalty functions; cf. Lemma 
2.2.5]. 

Lemma 16. Let (pt)teT be a dynamic convex risk measures. Then the following implications hold for all 
t, s such that t, t + s G T and for all Q 6 Mi(P): 

A t C A,t+s + A t+S af n (Q) < + E Q [o$2(Q)\F t ] Q-a.s. 

A t D A t ,t+s + A t+S af n (Q) > afr +s (Q) + E Q [aTll{Q)\F t ] Q-a.s.. 

Proof. Straightforward from the definition of the minimal penalty function and Lemma [4] □ 

The following theorem gives equivalent characterizations of time consistency in terms of acceptance 
sets, penalty functions, and a supermartingale property of the risk process. 

Theorem 17. Let {p t )t^T be & dynamic convex risk measure such that each pt is continuous from above. 
Then the following conditions are equivalent: 

1. (pt)teT * s time consistent. 

2. At = »4t, t+s + At+s for all t, s such that t, t + s € T. 

3. a? in {Q) = af^ s (Q) +E Q [ d$%(Q) \ Ft ] Q-a.s. for allt,s such that t, t+s £ T and all Q E M X (P). 
4- For all X £ L°°(f2, J 7 , P) and allt,s such that t,t + s G T and all Q G A4i(P) we have 

E Q [p t +s{X) + af^iQ) | Tt] < Pt(X) + af n (Q) Q-a.s.. 

Equivalence of properties 1) and 2) of Theorem 1171 was proved in |15) . Characterizations of time 
consistency in terms of penalty functions as in 3) of Theorem [T7l appeared in [20l [3 [13j [8] ; similar results 
for risk measures for processes were given in |12U13j . The supermartingale property as in 4) of Theorem ll7l 
was obtained in [20]; cf. also [8] for the absolutely continuous case. 
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Proof. The proof of 1)=>2)=>3) follows from Lemma fT5l and Lemma [TBI To prove 3)=>4) fix Q g .Mi(P). 
By (JT2J we have 

^ Q [p t+s (X)|Ji] - Q-esssup - Bfl[o^(i2)|7i]) . 

On the set { af in (Q) = 00} property 4) holds trivially. On the set { a? in (Q) < 00} property 3) implies 
E Q [a£$(Q)\Ft] < 00 and a™» s (Q) < 00, then for R g Q( +s (Q) 

< in (i?) = <£ S (Q) + ^[<5(^)l^t] < 00 Q-a-s- 

Thus 

£ Q [p t+s (X) + <»(Q)|.F t ] = Q-esssup (E R [-X\ T t \ - af a (R)) + af n (Q) 

ReQ{ +s (Q) 

on { < lin (Q) < 00}. Moreover, since Q( +S (Q) C Q t (Q), © implies 

£ Q [p t+s (X) + a™(Q)| Ji] < Q-esssup (£ fl [-X|.F t ] - af"(^)) + «f n (Q) = PtPO + af n (Q) 0-a.s.. 

ReQt(Q) 

It remains to prove 4)=>1). To this end fix Q 6 Q{ and I,y"e L°° such that /j t+1 (X) < p t +i(Y). Note 
that _Eg[a t+s ((3)] < 00 due to 4), hence Q G Q{ +s (Q). Using 4) and representation (TTOj) for p t + s under 
Q, we obtain 

Pt (Y) + af n (Q) > E Q [p t+1 (Y) + a™UQ)\Ft] 
>E Q [p t+1 (X)+aTl\{Q)\T t ] 
> E Q [E Q [-X\F t+1 ] - aflHQ) + a™(Q)|^ t ] 
= E Q [-X\F t ]. 

Hence representation (|6j yields pt(y) > Pt(X), and time consistency follows from Proposition [T4l □ 

Properties 3) and 4) of Theorem 1 171 imply in particular supermartingale propeties of penalty function 
processes and risk processes. This allows to apply martingale theory for characterization the the dynamics 
of these processes, as we do in Proposition [T8l and Proposition [21] cf. also [T5 l 120 } |29 | l8| 116]. 

Proposition 18. Let (pt)ter be a time consistent dynamic convex risk measure such that each p t is 
continuous from above. Then the process 

V t Q (X):=p t (X) + af»(Q), teT 

is a Q- supermartingale for all X G L°° and all Q G Qo, where 

Qo :={QeMi(P) I cC n (Q) <oo}. 

Moreover, (V t (X)) t£ T is a Q-martingale if Q G Qo is a "worst case" measure for X at time 0, i.e. if 
the supremum in the robust representation of po(X) is attained at Q: 

po{X) = E Q [-X]-ar\Q) Q-a.s.. 
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In this case Q is a "worst case" measure for X at any time t, i.e. 

p t {X)=E Q [-X\T t ]-a? in {Q) Q-a.s. for all t G T. 

The converse holds ifT < oo or lim^oo Pt(X) = —X P-a.s. (what is called asymptotic precision in [20]): 
If (V t (X)) t £T is a Q-martingale then Q G Qq is a "worst case" measure for X at any time i e T. 

Proof. The supermartingale property of (V® (X)) t ^T under each Q G Qq follows directly from properties 
3) and 4) of Theorem [T71 To prove the remaining part of the claim, fix Q G Qo and X G L°°. If Q is a 
"worst case" measure for X at time 0, the process 

U t (X) := V t Q (X) - E Q [-X\F t ], t G T 

is a non-negative Q-supermartingale beginning at 0. Indeed, the supermartingale property follows from 
that of (V® (X)) t £T, and non-negativity follows from the representation (fTTJj). since Q G Q{(Q). Thus 
Ut = Q-a.s. for all t, and this proves the "if" part of the claim. To prove the converse direction, note 
that if (V t (X)) t£ T is a Q-martingale and pt(X) = —X (resp. lim^oo pt(X) = —X P-a.s.), the process 
U(X) is a Q-martingale ending at (resp. converging to in L 1 (Q)), and thus Ut(X) — Q-a.s. for all 
teT. □ 

Remark 19. The fact that a worst case measure for X at time 0, if it exists, remains a worst case 
measure for X at any time < 6 T was also shown in \ 131 Theorem 3. 9] for a time consistent dynamic risk 
measure without using the supermartingale property from Proposition \18[ 

Remark 20. In difference to 120[ Theorem 4-5], without the additional assumption that the set 

Q* := { Q G M e (P) | aS lin (Q) < oo} (20) 

is nonempty, the supermartingale property of (V® (X)) t £T for all X £ L°° and all Q G Q* is not sufficient 
to prove time consistency. In this case we also do not have the robust representation of pt in terms of the 
set Q*. 

The process (a™ m (Q))t S T is a Q-supermartingale for all Q G Qo due to Property 3) of Theorem [T7l 
The next proposition provides the explicit form of its Doob- and its Riesz-decomposition; cf. also |29[ 
Proposition 2.3.2]. 

Proposition 21. Let (pt)teT be o> time consistent dynamic convex risk measure such that each pt is con- 
tinuous from above. Then for each Q € Qo the process (af lln (Q))tgT is a non-negative Q-supermartingale 
with the Riesz decomposition 

af n (Q) = Zf + M? Q-a.s., t G T, 

where 



Z? := E Q 



T-l 

5>£L n +1 (Q)|.Ft 



fc=t 



Q-a.s., t G T 
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is a Q-potential and 



i/T<oo, 
lim Eq [a s {Q) \F t ] if T — oo 



Q-a.s., t G T 



is a non-negative Q -martingale. 

Moreover, the Doob decomposition of (a!™ ln (Q))t e T is given by 



ar\Q) = E Q 
with the Q-martingale 



T-l 



E a feT+i (Q) I 



L k=0 



E< 



T-l 



fc=0 



fc=0 



M t Q , t e T 



and the non-decreasing predictable process (%2 k — cc™5JY 1 (Q))teT- 

Proof. We fix Q G Ali(P) and applying property 3) of Theorem [171 step by step we obtain 



af n (Q) = 







t+s-l 

. fc=t 



(21) 



for all £, s such that t, t + s G T. If T < oo, the Doob- and Riesz-decompositions follow immediately from 
(f2"Tj) , since ax(Q) = Q-a.s.. If T — oo, by monotonicity there exists the limit 



Z? = lim E Q 



fc=t 



Q-a.s. 



for all t G T, where we have used the monotone convergence theorem for the second equality. Equality 
pTjl implies then that there exists 

M t Q = lim Eq [ a?l n s {Q) \ T t ] Q-a.s, t G T 
af\Q)=Z? + M? Q-a.s. 



and 



for all t G T. 

The process (Z^)t^T is a non-negative Q-supermartingale. Indeed, 



E Q [Z?]<E Q 



k=0 



< a™ n {Q) < oo 



(22) 



and Eq[Zi +1 | Tt] < Z*f Q-a.s. for all t € T by definition. Moreover, monotone convergence implies 



lim E Q [Z?} =E Q 



Q-a.s. 



since J2T=o a fc"fc+i(Q) < 00 Q- a -S. by (j2"2")l . Hence the process {Zf ) te x is a Q-potential. 
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The process (M t ) t6 T is a non- negative Q-martingale, since 

E Q [M?] < E Q [af n (Q)] < af»(Q) < oo 

and 

E Q [M? +1 - M?\F t ] = E Q \o$UQ)\H «f n (Q) - Eq\Z?+i 
= a™ 1 (Q)-a™ 1 (Q) = Q-a.s. 

for all t G T by property 3) of Theorem IT7l and the definition of (Z^) t& j. 

The Doob-decomposition follows straightforward from the Riesz-decomposition. □ 

Remark 22. It was shown in \20\ Theorem 5.4] that the martingale M® in the Riesz decomposition of 
(a™ ln (Q))t e T vanishes if and only if lini{_>. 00 pt{X) > —XP-a.s., i.e. the dynamic risk measure (pt)teT 
is asymptotically safe. This is not always the case; see [20, Example 5.5]. 

For a coherent risk measure we have 

Q{ (Q) = Q°t(Q) :={Re M\P) | R = Qk, af n (R) = Q-a.s.} . 

In order to give an equivalent characterization of property 3) of Theorem [17] in the coherent case, we 
introduce the sets 

Q?,i+ a (Q) = { R < p \j' t + s | R = <9k> a Tl+s(R) = Q-a.s.} Vt, s > such that t,t + s G T. 

For Q 1 G Q" t+S (Q) and Q 2 G Q° +S (Q) we denote by Q 1 © t+s Q 2 the pasting of Q 1 and Q 2 in t + s via 
f2, i.e. the measure Q defined via 

Q(A) = E Q i [E q2 [I A \F t+s }\ , A e T. (23) 

The relation between stability under pasting and time consistency of coherent risk measures that can 
be represented in terms of equivalent probability measures was studied in [4[ [XSJ [26j [20] . In our present 
setting, Theorem [T7] applied to a coherent risk measure takes the following form. 

Corollary 23. Let (pt)t<=T be a dynamic coherent risk measure such that each p t is continuous from 
above. Then the following conditions are equivalent: 

1. (pt)teT * s time consistent. 

2. For all Q e M\{P) and all t, s such that t,t + s e T 

Q° t (Q) = { Q 1 ® t+s Q 2 | Q 1 e Q? )t+ .(Q), Q 2 g Q^Q 1 )} • 
5. for all Q G Mi(P) sucft t/iat < lin (Q) = Q-a.s., 

Sq^+^X) I Ji] < p t (X) and a™ n s (Q) = Q-a.s. 
for all X G L°°(Q, J 7 , P) and /or aZZ t, s such that t, t + s G T. 
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Proof. 1) =>• 2): Time consistency implies property 3) of Theorem \17\ and we will show that this implies 
property 2) of Corollary[23] Fix Q G Mi{P). To prove "D" let Q 1 G Q° t (Q), Q 2 G Q^+^Q 1 ), and consider 
Q defined as in (1231) . Note that Q = Q 1 on J-i+s and 

^[X|Ji +s ] =^ Q 2[X|J- t+s ] Q 1 -^. for all le^^J,?). 

Hence, using 3) of Theorem [T7l we obtain 

af n (Q) = <£ S (Q) + E^l{Q)\F t ] 

= <^(Q X ) +^ Q1 [a^(Q 2 )l^] = Q-a.s., 

and thus Q G Q?(Q). Conversely, for every Q G Q?(Q) we have <^(Q) = a$+ s (Q) = Q-a.s. by 3) of 
Theorem [T71 and Q = Q © Q. This proves "C". 

2) => 3): Let R G JW X (P) with a' t nin (i?) = i?-a.s.. Then i? G Q%(R), and thus i? = g 1 ® t+s Q 2 for 
some Q 1 G Q° t+S (-R) and Q 2 G Q^+^Q 1 ). This implies R = Q 1 on 7" t+s and 

E R {X\T t+s ] = E Q 2[X\T t+s ] R-a.s.. 

Hence o$$_ a (R) = a^^Q 1 ) = R-a.s., and af^i?) = a^(Q 2 ) = OR-n.s.. To prove the inequality 
3) note that due to ([T2"]l 

£ H [p t+s (X) | Ji] = R-esssup | F t ] 

QeQ° +s (R) 

< R-ess sup E'q [— X | T t ] = PtPO -R-a.s., 
QeQ?(i?.) 

where we have used that the pasting of R\j^ t+S and Q belongs to <2°(i?). 

3) 1): Obviously property 3) of Corollary [33J implies property 4) of Theorem [T71 and thus time 
consistency. □ 

4.2 Rejection and acceptance consistency 

Rejection and acceptance consistency were introduced and studied in [33J HH1 US] • These properties can 
be characterized via recursive inequalities as stated in the next proposition; see j33j Theorem 3.1.5] and 
[T51 Proposition 3.5]. 

Proposition 24. A dynamic convex risk measure (ptjtei * s rejection (resp. acceptance) consistent if and 
only if for all t G T such that t < T 

Pt(—Pt+i) < Pt (resp. >) P-a.s.. (24) 

Proof. We argue for the case of rejection consistency; the case of acceptance consistency follows in the 
same manner. Assume first that (pt)teT satisfies (f2"4"]) and let X G L°° and Y G I M (Jt+i) such that 
Pt+\(X) > p t +i(Y). Using cash invariance, (|24j) . and monotonicity, we obtain 

Pt(X) > p t (-p t+1 (X)) > Pt (- Pt+1 (Y)) = Pt (Y). 

The converse implication follows due to cash invariance by applying (fT3|) to Y = —pt+i(X). □ 
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Remark 25. For a dynamic coherent risk measure, weak acceptance consistency and acceptance consis- 
tency are equivalent. This was shown in \18l Proposition 3.9]. 

Another way to characterize rejection consistency was suggested in |29j . 

Proposition 26. A dynamic convex risk measure (pt)teT * s rejection consistent if only if any of the 
following conditions holds: 

1. For allteT such that t < T and all X G L°° 

Pt (x) - Pt+1 (x) e Atj+i; (25) 

2. For all t G T such that t <T and all X G At, we have —pt+i(X) G At- 
Proof. Since 

Pt {-p t+l (X)) = p t (p t (X) - Pt+1 {X)) + p t {X) 

by cash invariance, (|25j) implies rejection consistency, and obviously rejection consistency implies condition 
2). If 2) holds, then for any X G L°° 

Pt{ P t{X) - Pt+1 (X)) = Pt (- Pt+1 (X + Pt {X))) < 0, 

due to cash invariance and the fact that X + pt(X) G At- □ 

Property (|25[) was introduces in [29] under the name prudence. It means that the adjustment p t +i(X) — 
Pt{X) of the minimal capital requirement for X at time t + 1 is acceptable at time t. In other words, one 
stays on the safe side at each period of time by making capital reserves according to a rejection consistent 
dynamic risk measure. 

Similar to time consistency, rejection and acceptance consistency can be characterized in terms of 
acceptance sets and penalty functions. 

Theorem 27. Let (p t )teT be a dynamic convex risk measure such that each pt is continuous from above. 
Then the following properties are equivalent: 

1. (pt)tei is rejection consistent (resp. acceptance consistent). 

2. The inclusion 

A t C A t ,t+i + At+i resp. A t 2 A t ,t+i + A+i 
holds for all t G T such that t < T . 

3. The inequality 

af n (Q) < (resp. >)a^(Q) + E Q [o$$(Q) \ Ft] Q-a.s. 
holds for all t G T such that t < T and all Q G M.\(P). 
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Proof. Equivalence of 1) and 2) was proved in Proposition l24l and Lemma [T5l and the proof of 2) => 3) 
is given in Lemma [TBI 

Let us show that property 3) implies property 1). We argue for the case of rejection consistency; the 
case of acceptance consistency follows in the same manner. We fix t G T such that t < T, and consider 
the risk measure 

p t (X) := p t (-pt+i(X)), ler. 

It is easily seen that pt is a conditional convex risk measure that is continuous from above. Moreover, the 
dynamic risk measure (pt,pt+i) is time consistent by definition, and thus it fulfills properties 2) and 3) 
of Theorem [T7l We denote by At and At,t+i the acceptance sets of the risk measure pt, and by af m its 
penalty function. Since 

Pt(X) = p t (- Pt+1 (X)) = Pt (X) 
for all X G Lt+i, we have Att+i = At,t+i, and thus 

At = At,t+i + At+i 
by 2) of Theorem 1171 Lemma [TBI and property 3) then imply 

3f n (Q) = o^i(Q) + E Q [a$$(Q)\Ft] > «f n (Q) 

for all Q e Q t . Thus 

pt(X)>p t (X) = Pt(-pt+i(X)) 
for all X G L°°, due to representation (|5J). □ 

Remark 28. Similar to Corollary \23l condition 3) of Theorem \27\ can be restated for a dynamic coherent 
risk measure (pt)teT as follows: 

Q° t (Q) 2 { Q 1 ©* +1 Q 2 | Q 1 e Q?, t+1 (Q), Q 2 e e? +1 (Q x )} (re S p. c) 

/or allt eT such that t < T and all Q eMx{P). 

The following proposition provides an additional equivalent characterization of rejection consistency, 
that can be viewed as an analogon of the supermartingale property 4) of Theorem 1171 

Proposition 29. Let (pt)teT be a dynamic convex risk measure such that each pt is continuous from 
above. Then (pt)teT is rejection consistent if and only if the inequality 

E Q [p t+ x{X)\Ft]<Pt{X) + a™l x {Q) Q-a.s. (26) 

holds for all Q € Aii(P) and all t G T such that t < T. In this case the process 



fe=0 



IS 



a Q -supermartingale for all X G L°° and all Q £ Q* , where 



Q* :={ Q e Mi{P) \E Q 



t 

Lfc=o 



< oo Vt G T 
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The proof of Proposition [29l is a special case of Theorem l31l which involves the notion of sustainability; 
cf. [29]. 

Definition 30. Let (pt)teT be a dynamic convex risk measure. We call a bounded adapted process X = 
(X t )t<=T sustainable with respect to the risk measure (p t )teT if 

p t (X t - X t+ i) < for allteT such that t < T. 

Consider X to be a cumulative investment process. If it is sustainable, then for all t € T the adjustment 
X t +i — X t is acceptable with respect to p t . 

The next theorem characterizes sustainable processes in terms of a supermartingale inequality; it is a 
generalization of [29l Corollary 2.4.10]. 

Theorem 31. Let (pt)teT be a dynamic convex risk measure such that each p t is continuous from above 
and let (X t ) t£ T be a bounded adapted process. Then the following properties are equivalent: 

1. The process (X t )teT is sustainable with respect to the risk measure (pt)teT- 

2. For all Q £ M\(P) and all t eT,t > 1, we have 

E Q [X t \ F t -i ] < X t _i + a?X t {Q) Q-a.s.. (27) 

Proof. The proof of 1) => 2) follows directly from the definition of sustainability and the definition of the 
minimal penalty function. 

To prove 2) 1), let (X t )tei be a bounded adapted process such that (|27|) holds. In order to prove 

X t - X t _i =: A t e -At-i, t for all t £ T, t > 1, 

suppose by way of contradiction that A t £ —At-i,t- Since the set At-i,t is convex and weak*-closed due 
to Remark[Bl the Hahn-Banach separation theorem (see, e.g., [HJ Theorem A. 56 ]) ensures the existence 
of Z £ L^JijP) such that 

a := sup E[ Z(-X) } < E[ Z A t ] =: b < oo. (28) 

Since \L{z<n} S At-i.t for every A > 0, (|28|l implies Z > P-a.s., and in particular E[Z] > 0. Define a 
probability measure Q £ Aii(P) via := -g^j and note that, due to Lemma|4]and ([28]) . we have 

E Q [a™l t (Q)}= sup E Q [(-X)}= sup E[Z{-X) ]-L, = < oo. (29) 
Moreover, (J2SJ) and ([25} imply 

E Q [(Xt - X t _ x - a?Xt(Q))] = E[Z] [E[ZA t ] - E Q [o™? jt (Q)]) = E[Z](b - a) > 0, 
which cannot be true if (|2T|) holds under Q. □ 
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Remark 32. In particular, property 2) of Theorem \31\ implies that the process 

t-i 

k=0 

is a Q-supermartingale for all Q € Qf , if X is sustainable with respect to (pt). As shown in \29[ Theorem 
2.4-6, Corollary 2-4-8], this supermartingale property is equivalent to sustainability of X under some 
additional assumptions. 

4.3 Weak time consistency 

In this section we characterize the weak notions of time consistency from Definition 1131 Due to cash 
invariance, they can be restated as follows: A dynamic convex risk measure (pt)teT is weakly acceptance 
(resp. weakly rejection) consistent, if and only if 

Pt+i{X) < (resp. >) =► Pt (X) < (resp. >) 

for any X £ L°° and for all t € T such that t < T. This means that if some position is accepted (or 
rejected) for any scenario tomorrow, it should be already accepted (or rejected) today. In this form, 
weak acceptance consistency was introduced in [4]. Both weak acceptance and weak rejection consistency 
appeared in [35j [32] ■ 

Weak acceptance consistency was characterized in terms of acceptance sets in [331 Corollary 3.6], and 
in terms of a supermartingale property of penalty functions in [5J Lemma 3.17]. We summarize these 
characterizations in our present setting in the next proposition. 

Proposition 33. Let (p t )t£T be a dynamic convex risk measure such that each p t is continuous from 
above. Then the following properties are equivalent: 

1. (pt)teT * s weakly acceptance consistent. 

2. At+i C At for allteT such that t <T. 

3. The inequality 

E Q [alfl(Q)\F t }<af n (Q) Q-a.s. (30) 

holds for all Q G Mi(P) and all t £ T such that t < T. In particular (a™ m (<5)) i6 T is a Q- 
super martingale for all Q € Qo . 

Proof. The equivalence of 1) and 2) follows directly from the definition of weak acceptance consistency. 
Property 2) implies 3), since by Lemma @] 

E Q [aTll{Q)\F t ] = Q-esssup^ Q [-X t+1 |J- t ] 

< Q-csssupE Q [-X\T t } = af ln {Q) Q-a.s. 
xeA t 

for all Q e Mi(P). 
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To prove that 3) implies 2), we fix X G At+i and note that 

E Q [-X\F t+1 ] < afl\{Q) g-a.s. for all Q e Mx{P) 
by the definition of the minimal penalty function. Using (|30[) we obtain 

E Q [-X\T t ] < E Q [c$$(Q)\F t ] < af n (Q) Q-a.s. 
for all Q e Mi(P), in particular for Q £ Q f t {P). Thus p t (X) < by ©. □ 

4.4 A recursive construction 

In this section we assume that the time horizon T is finite. Then one can define a time consistent dynamic 
convex risk measure (pt)t=o,...,T m a recursive way, starting with an arbitrary dynamic convex risk measure 
(pt)t=Q,...,T, via 

p T {X) := P t{X) = -X 

pt(X) := pt{-p t+l {X)), t = 0,...,T-l, XeL°°. 

The recursive construction (13"TT) was introduced in |12[ Section 4.2], and also studied in [THJ[T3]. It is easy 
to see that (pt)t=o,...,T is indeed a time consistent dynamic convex risk measure, and each p t is continuous 
from above if each p t has this property. 

Remark 34. // the original dynamic convex risk measure (pt)t=o,...,T is rejection (resp. acceptance) 
consistent, then the time consistent dynamic convex risk measure (pt)t=o,...,T defined via h31}) lies below 
(resp. above) (p t )t=o,...,T, i-e- 

Pt(X) < (resp. >)pt{X) for all t = 0, . . . ,T and all X G L°° . 

This can be easily proved by backward induction using Proposition \24\ monotonicity, and (1311) . More- 
over, as shown in \18\ Theorem 3.10] in the case of rejection consistency, (p~t)t=o,...,T is the biggest time 
consistent dynamic convex risk measure that lies below {pt)t=o,...,T ■ 

For all X e L°°, the process (pt(X)) t= o,...,T has the following properties: pt(X) > —X, and 

p t (p t (X)-p t+1 (X)) = -p t (X) + p t (-p t+1 (X)) = Vt = 0,...,T-l, (32) 

by definition and cash invariance. In other words, the process (pt(^))t=o,...,T covers the final loss —X 
and is sustainable with respect to the original risk measure (pt)t=o,...,T- The next proposition shows that 
(pt(X))t=o,...,T is in fact the smallest process with both these properties. This result is a generalization 
of [29j Proposition 2.5.2 ], and, in the coherent case, related to [HI Theorem 6.4]. 

Proposition 35. Let (pt)t=o,....T be a dynamic convex risk measure such that each pt is continuous from 
above. Then, for each X £ L°° , the risk process (p~t(X))t = o,...,T defined via 1131]) is the smallest bounded 
adapted process (Ut)t=o,...,T such that (Ut)t=o,...,T is sustainable with respect to (pt)t=o,...,T and Ut > —X. 
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Proof. We have already seen that p tT (X) > —X and (pi(-X'))t=o 1 ...,T is sustainable with respect to 
(pt)t=o t due to (1321) . Now let (£/t)t=o t be another bounded adapted process with both these prop- 
erties. We will show by backward induction that 

U t >Pt(X) P-a.s. Vt = 0,...,T. (33) 

Indeed, we have 

U T >-X = p T {X) P-a.s.. 
If (33) holds for t+ 1, Theorem [3U yields for all Q £ Q{: 

U t >E Q [U t+ i-c$5. 1 (Q)\r i ] 

>E Q [p t+l {X)-a™™ x {Q)\F t ] P-a.s.. 

Thus 

U t > ess sup (E Q [p t+1 {X)\T t ] - <^(Q)) 
qeq{ 

= p t (-p t+1 {X))=p t {X) P-a.s., 
where we have used representation ([6]). This proves (|33|) . □ 



The recursive construction (|3Tj) can be used to construct a time consistent dynamic Average Value at 
Risk, as shown in the next example. 

Example 36. It is well known that dynamic Average Value at Risk (AV@Rt,\ t )t=o,...,T (cf. Example 1 1 0\) 
is not time consistent, and does not even satisfy weaker notions of time consistency from Definition ] 13t 
see, e.g., \32ij . Moreover, since a™ m (P) — in this case, the set Q* in (|20[) is not empty, and \2(A 
Corollary 4-12] implies that there exists no time consistent dynamic convex risk measure (/9f)teT such that 
each pt is continuous from above and po = AV@Ro t \ . However, for T < oo, the recursive construction 

(|3ip can be applied to (AV@Rt,\ t )t=o t in order to modify it to a time consistent dynamic coherent 

risk measure (p~t)t=o,...,T- This modified risk measure takes the form 

p t (X) = ess sup \ E Q [-X\F t ] \ Qe Q t , %i < A; 1 ,* = t, . . . ,T - 1 I 



ess sup < Ep 



-X H L s | Ft 



s=t+l 



L s £L™,0<L s < Xs 1 , E[L s \T s -i] = 1, s = t + 1, . . . ,T \ 



for all t = 0, . . . , T — 1, where Z® = ^p\j r t - This was shown, e.g., in f!3[ Example 3.3.1]. 

5 The dynamic entropic risk measure 

In this section we study time consistency properties of the dynamic entropic risk measure 

p t (X) = -\ogE[e-^ x \T t ], t£T, X£L°°, 
It 
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where the risk aversion parameter 74 satisfies 74 > P-a.s. and 74, ^ £ for all i £ T (cf. Example [3]). 

It is well known (see, e.g., [17] [20]) that the conditional entropic risk measure pt has the robust 
representation ([SJ with the minimal penalty function at given by 

a t (Q) = -H t {Q\P), Q e Q t , 

It 

where H t (Q\P) denotes the conditional relative entropy of Q with respect to P at time t: 

dQ 



H t (Q\P) = E Q 



log 



dP 



QeQt 



The dynamic entropic risk measure with constant risk aversion parameter 74 = 70 £ K for all t was 
studied in [XT] [12l [20] [13]. It plays a particular role since, as proved in [27], it is the only law invariant 
time consistent relevant dynamic convex risk measure. 

In this section we consider an adapted risk aversion process {^f t )tef, that depends both on time and 
on the available information. As shown in the next proposition, the process (74)4^ determines time 
consistency properties of the corresponding dynamic entropic risk measure. This result corresponds to 
[29l Proposition 4.1.4], and generalizes [T8] Proposition 3.13]. 

Proposition 37. Let (pt)teT be the dynamic entropic risk measure with risk aversion given by an adapted 
process (jt)teT such that 7* > OP-a.s. and 74, 1/74 £ . Then the following assertions hold: 

1. (p t ) t6 T is rejection consistent if 74 > 74+1 P-a.s. for alltGT such that t < T; 

2. (p t )t£T is acceptance consistent if "ft < 7t+i P-a.s. for all t £ T such that t < T; 

3. (/9 t )4 g T is time consistent i/74 = 70 £ M P-a.s. for all t £ T such that t < T. 

Moreover, assertions 1 ), 2) and 3) hold with "if and only if" , if "ft 6 E for all t, or if the filtration (J-t)ter 
is rich enough in the sense that for all t and for all B £ J~t such that P[B] > there exists A C B such 
that F t and P[A] > 0. 



Proof. Fix t £ T and X £ L°° . Then 

Pt(—Pt+i{X)) = — log j E 
It 

1 



ex p^ -^log(£ [e-^ x \F t+ i]) \ \F 



log E 



It 



It+i 

E[e-^ x \Tt + i}^\F t 



Thus pt{—pt+i) — Pt if 7t = 7t+i and this proves time consistency. Rejection (resp. acceptance) consis- 
tency follow by the generalized Jensen inequality that will be proved in Lemma [3"51 We apply this inequal- 
ity at time t + 1 to the bounded random variable Y := e~ 7t+lX and the B((0,oo)) ® J^+i-measurable 
function 

u : (0, 00) x n -> E, 



7tM 



E, u[x, u>) 

Note that u(-,u>) is convex if 74(0;) > "f t +i(u>) and concave if 7t(w) < 74+1(0;). Moreover, u(X, •) £ L° 
for all X £ Z/°° and w) is differentiable on (0, 00) with 

\u'(x, -)| = -^a;^"" 1 < ax b P-a.s. 
7t+i 
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for some a, b G M. if j t > jt+i, due to our assumption G L°° . On the other hand, for j t < jt+i wc 
obtain 

It 7t -l 1 
— — a^'+i < a — P-a.s. 



|«'(a:,.)| 

7t+i ^ 

for some a, c 6 M. Thus the assumptions of Lemma 1551 are satisfied and we obtain 

Pt(— Pt+i) < Pt if 7t > 7t+i P-a.s. for all t G T such that t < T 



and 



p t (—pt+i) > if 7t < 7t+i P-a.s. for alH G T such that t <T. 



The "only if" direction for constant -f t follows by the classical Jensen inequality. 

Now we assume that the sequence (pt)teT is rejection consistent and our assumption on the filtration 
(J r t)teT holds. We will show that the sequence (7t)teT is decreasing in this case. Indeed, for t € T such that 
t < T, consider B := {74 < 7t+i} and suppose that P [P] > 0. Our assumption on the filtration allows 
us to choose A C B with P[B] > P [A] > and A ^ Ft+i- We define a random variable X := —xIa for 
some x > 0. Then 



pt (- pt+1 (X)) = -\og[E 
It 

= — log I P 

7t 



exp ( -2L log (P iyw+i**A |p t+1 ]) ) |p t 
7t+i 



exp ( —^—Ib log (P [e^+ ix/ ^ |P 4+ i]) ) |P 4 
7t+i 



where we have used that A C B. Setting 

Y := P [er. +1 «'* |p t+1 ] = e ^P [A|P m ] + P [A c |P m ] 
and bringing -^ L - inside of the logarithm we obtain 

to to 7t+1 to 



p t (-p t+ i (X)) = — log (p [exp (l B log (W+i /B )) \T t 



(34) 



The function x i-> x 1 *^' 1 ** 1 ^' is strictly concave for almost each w G P, and thus 
y^rr = ( e 7 t+ i* P [A|P 4+1 ] + (1 - P [A|P m ]))^ 

> e« x P [A\T t+ i] + (1 - P [A|P t+1 ]) P-a.s on P, 

with strict inequality on the set 

c := {P [A|p m ] > 0} n {P [A|p t+1 ] < 1} n p. 

Our assumptions P[A] > 0, A C P and A ^ P t+ i imply P[C] > and using 

e^P [A\F t+ i] + (1 -P[A\F t+ i]) = E [e^|P t+1 ] 
we obtain from (O, ([35]) and ([Ml) 

ft(-ft+iW) > ^log(P [exp (7 B log (P [e^ xlA \F t+1 ])) |P t ]) , 



(35) 



(36) 



(37) 



2G 



with the strict inequality on some set of positive probability due to strict monotonicity of the exponential 
and the logarithmic functions. For the right hand side of (|37l) we have 

- log (E [exp (I B log (E [e* xlA \Ft+i})) \?t] ) = 

It ~ 

= i log (E [I B E [e** x * \F t +i] + I B c \r t ]) 

= — log (E [exp (j t xL A ) \Ft] ) 
It 

= Pt (X) , 

where we have used A C B and B G J-'t+i- This is a contradiction to rejection consistency of (p t )t^T, and 
we conclude that "ft+i < 7t for all t. The proof in the case of acceptance consistency follows in the same 
manner. And since time consistent dynamic risk measure is both acceptance and rejection consistent, we 
obtain 7t+i = "ft for all t. □ 

The following lemma concludes the proof of Proposition l37l 

Lemma 38. Let (fl 1 J 7 ,P) be a probability space and T% C J 7 a a -field. Let L C R be an open interval 
and 

u : L x!! -s- K 

be a B (J) £§> Tt -measurable function such that u(-,w) is convex (resp. concave) and finite on L for P-a.e. 
Li. Assume further that 

\u' + (x, -)| < c(x) P-a.s. with some c(x) G K for all x <E L, 

where u',(-,U)) denotes the right-hand derivative of u{-,uj). Let X : O — > [a,b] C / be an J- -measurable 
bounded random variable such that E [ \u(X, )| ] < oo. Then 

E[u(X,)\J r t]>u(E[X\J 7 t ],) {resp<) P-a.s.. 

Proof. We will prove the assertion for the convex case; the concave one follows in the same manner. Fix 
ui G 51 such that u(-, uj) is convex. Due to convexity we obtain for all x$ G / 

u(x, u) > u(xq, w) + u' + (xo, uj){x — xo) for all x G I. 

Take x = E[X\T t ](w) and x = X(u>). Then 

u{X(u),l>) > u{E[X\T t ]{uj),uj) + u' + (E[X\F t ](u),uj)(X(uj) - E[X\T t ](uj)) (38) 

for _P-almost all we!!. Note further that B (L) ® JVnieasurability of u implies B (I) ® J^-measurability 
of u + . Thus 

U! -> w(£[X|J" t ](w),w) and w w' + (^[X|J" t ](o;),a;) 
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are Tt -measurable random variables, and lj — > u(X(uj),uj) is ^-measurable. Moreover, due to our as- 
sumption on X, there are constants a, b £ / such that a < -EfXjJ^] < b P-a.s.. Since u' + (-,uj) is increasing 
by convexity, by using our assumption on the boundedness of u' + we obtain 

-c(a) < u' + (a,w) < u' + (E[X\T t ],w) < u' + (b,uj) < c(b), 

i.e. u' + (E[X\J 7 t ], ) is bounded. Since E [ \u(X, )| ] < oo, we can build conditional expectation on the both 
sides of (|38p and we obtain 

E[u(X,)\ ? t ] >E[u(E[X\F t ], )+u' + (E[X\Ft], )(X - E[X\ T t ]) \ T t ] 
= E[u(E[X\F t ], )\? t ] P-a.s., 

where we have used J^-measurability of u(E[X\Ft\, ) and of u' + (E[X\J 7 t], ) and the boundedness of 
u' + (E[X\J 7 t], ). This proves our claim. □ 
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